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Abstract 

We define relatively quasiconvex subgroups of relatively hyperbolic 
groups in the sense of Osin and show that such subgroups have expected 
properties. Also we state several definitions equivalent to the definition 
of relatively hyperbolic groups in the sense of Osin. 
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1 Introduction 

The notion of a relatively hyperbolic group was introduced in [8] and has been 
studied by many authors (see for example [1] and [4]). In this note we adopt 
a definition of a relatively hyperbolic group by Osin ([T^l Definition 2.35]): a 
group G is hyperbolic relative to a family of subgroups EI if G is finitely presented 
relative to H and the relative Dehn function is linear. From now on, unless 
otherwise stated, relatively hyperbolic groups mean those in the sense of Osin. 
The definition is equivalent to other several definitions of a relatively hyperbolic 
group if G is countable and H is a finite family (see for example [U Section 
3]). Also a relatively quasiconvex subgroup of a relatively hyperbolic group is 
defined by several equivalent ways if G is countable and H is a finite family (see 
for example [9l Section 6]). The main aim of this note is to give an appropriate 
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definition of a relatively quasiconvex subgroup of a relatively hyperbolic group, 
which allows the case where G is uncountable and IH is an infinite family. Also 
we give several equivalent definitions of relatively hyperbolic groups. 

Throughout this note, G is a group, HI is a family of non-trivial subgroups 
of G and L is a subgroup of G (H may be empty and two elements of H may 
coincide as a subgroup of G). 

Now wc define relatively quasiconvex subgroups of relatively hyperbolic 
groups. The following technical definition is essential. 

Definition 1.1. We say that L satisfies Condition [h) with respect to H in G 
if for any y,y' e G such that Ly ^ Ly' , ML,y,y' is a finite subset of H. Here 

HL,y,y' := {F e H I i n yHy'-^ ^ 0}. 

Definition 1.2. Suppose that G is hyperbolic relative to H. The subgroup L 
is said to be pre- quasiconvex relative to Win G with respect to a finite relative 
generating system X of (G, H) if there exists a finite subset Y G G satisfying 
the following: for any mutually different li,l2 G L and any geodesic c in the 
relative Cayley graph r(G, H, X) from li to /2, all vertices on c are contained 
in L U LY. Here LY := {g € G \ g = ly,l € L,y e Y}. 

The subgroup L is said to be pre- quasiconvex relative to H in G if i is pre- 
quasiconvex relative to H in G with respect to some finite relative generating 
system X. 

The subgroup L is said to be quasiconvex relative H in G if L is pre- 
quasiconvcx relative to H in G and satisfies Condition (&) with respect to H in 
G. 

The subgroup L is said to be strongly quasiconvex relative to H in G if L is 
quasiconvex relative to H in G and for any g G G, there exists a finite subset 
H' of H such that any i^i e H and any i?2 e H \ H', L n gHig'^ is finite and 
L n gH2g~^ is trivial. 

We remark that L is (prc-)quasiconvcx (resp. strongly quasiconvex) relative 
to H in G with respect to every finite relative generating system when L is 
(prc-)quasiconvcx (resp. strongly quasiconvex) relative to H in G (see Corollary 
EM- 

We note that L satisfies Condition (5) with respect to IH in G whenever HI is 
finite. Osin ([121 Definition 4.9]) originally introduced relative quasiconvcxity by 
using a word metric when G is finitely generated. We remark that H consists 
of finitely many elements when G is finitely generated f |12[ Corollary 2.48]). 
Hruska ([9l Definition 6.10]) extended the notion of relative quasiconvcxity to 
the case where HI is finite and G is countable by using a left invariant proper 
metric on G. Our notion of relative quasiconvcxity extends theirs to the case 
where G and H arc general. 

The following are main theorems. 

Theorem 1.3. Let K he a subgroup of G. Suppose that G is hyperbolic relative 
to H. If both K and L are quasiconvex relative to H in G, then K n L is also 
quasiconvex relative to H in G. 
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This was known for the case where H is finite and G is countable (see [TH 
Theorem 1.1] and HI Theorem 1.2 (2)]). 



Theorem 1.4. Suppose that G is hyperbolic relative to H in G. Then we have 
the following. 

(i) The subgroup L is quasiconvex relative to H in G if and only if L is 
undistorted relative to H. 

(ii) The subgroup L is strongly quasiconvex relative to H in G if and only if 
L is strongly undistorted relative to H in G. In particular if L is strongly 
quasiconvex relative to H in G, then L is hyperbolic. 

See Definition 14.131 for (strongly) relatively undistorted subgroups. Theorem 
11.41 (ii) was known if G is finitely generated (see [121 Theorems 1.9 and 1.10]). 
Also the part of 'only if in (i) is known if H is finite and G is countable (see [U 
Theorem 10.1] and also [H Lemma 2.22]). 

Theorem 1.5. Suppose that G is hyperbolic relative to H in G and L is qua- 
siconvex relative to EI in G. Then L is naturally relatively hyperbolic. 

See Theorem 14.251 for a more precise statement. This was known for the case 
where H is finite and G is countable (see [HI Theorem 1.2 (1)], [TTl Theorem 1.8] 
and [H Lemma 2.27]). 



In Section [21 some terminologies related to relatively hyperbolic groups are 
recalled. Also we introduce Condition (a) for (G, H) in order to state equiv- 
alent definitions of relatively hyperbolic groups. In Section [31 we give several 
equivalent definitions of relatively hyperbolic groups fProposition 13. 1] ) . In Sec- 
tion [31 relatively undistorted subgroups and relatively quasiconvex subgroups 
are studied. In particular, Theorems 11.31 [Lll and 11.51 are shown. 

2 Preliminaries 

We recall definitions and properties of relative generating systems, relative pre- 
sentations, relative Cayley graphs and concd-off Cayley graphs in Sections 2.1 
and 2.2. We mainly refer to [12] (sec also [4]). In Section 2.3, we introduce 
Condition (a) in order to state equivalent definitions of relatively hyperbolic 
groups in Proposition 13. II 

2.1 Relative generating systems and relative presentations 

For any set X , F{X) denotes a free group generated by X. When we take a 
map i/jq: X ^ G, wc regard the set X as a family of elements of G by ■00 if 
there is no confusion. Note that two distinct elements of X can be the same 
element of G. We call i/jq: X G or X a. system of G. A system tpQ-. X G 
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is said to be symmetric if X is endowed with an involution X 3 x t-^ G X 
such that i/'o(a;~^) = Vola^)""^ for every x e X. A system i/iq induces the 
natural homomorphism ipi : F{X) —5- G. If ■01 : -F'!-'^) ^ G is surjective, then 
V'o : ^ ~^ G or X is called a generating system of G. 

We denote by *hgmH the free product of all elements of H. The inclusion 
from H to G for every H € M. induces the natural homomorphism -02 : *hgm 
H G. Let us denote the free product of F{X) for a system X and *H<^mH 
by F{X) * (*i/gH-H^) and set F = F{X) * {*hgmH). We have the natural 
homomorphism ip: F ^ G induced by and '02 ■ If V' is surjective, then 
^0 : ^ — ^ G or X is called a relative generating system of (G, H). If (G, H) has a 
finite relative generating system, then we say that G is finitely generated relative 
toM or (G, H) is relatively finitely generated. When we put % = |Ji?GH(-^\ {-'-})' 
X is a relative generating system of (G, H) if and only if X U 'H is a generating 
system of G. Since 77 \ {1} has the natural involution induced by inverse on 
G, T-L has the natural involution. If a relative generating system X of (G, H) is 
symmetric, then X WH \s symmetric. Throughout this note, we assume that 
any system is symmetric. 

We fix a generating system X of G relative to H. Let us denote hy {X WH)* 
the free monoid generated by X WH, that is, the set of words over X WH. 
Then [X WH)* has the natural involution. For two words Wi,W2 & {X WH)* , 
Wi ~F W2 (resp. Wi =G W2) means that Wi and W2 represent the same 
element of F (resp. G). For each word W € {X WH)* , W denotes the element 
of G represented by W and ||I1^|| means the word length of W . Note that 
{XWH)* 3 W (z G is surjective. A word W e {XU U)* is said to be 

reduced if \\W\\ < \\W'\\ for any word W £ {X U H)* such that W =f W. For 
any word W G {X U H)*, there exists the unique reduced word W £ {X U H)* 
such that W' ^fW. 

For a subset TZ of {X WH)* , if the normal closure of the image of 7?. in F is 
equal to Ker ip, then the pair (X, 7?.) is called a relative presentation of (G, H). 
Without loss of generality, we assume that TZ is reduced in the sense of [T^ 
Definition 2.24], that is, every 7? G 7^ is a reduced word in {X U H)* and for 
each R £ TZ, TZ contains and all cyclic shifts of 7? and 7?~^. If both X and 
TZ are finite, then a relative presentation (X, TZ) is said to be finite, and we say 
that (G, H) is relatively finitely presented or G is finitely presented relative to H. 
Throughout this note, any relative presentation is assumed to be reduced. 

We fix a finite relative presentation (X, 7?.) of {G,M.). For each 77 G H, we 
define fi// as the set of all elements of 7J \ {1} such that each of them is a letter 
of some word R € TZ. Put 51 — |J_f/6H C Ti. Since TZ is reduced, Jl// has the 
involution by inverse in 77. Hence also has the involution. Since TZ is finite, 
ri is also finite. 

Let W be any word of (X U Ti)* with ||I^|| < n a.iidW ^ Iq. Then there ex- 
ist {/, G (X U 7^)*}.=i,...,fc and {7?, G 7e},=i,...,fc such that W =f Uti f^^R^h- 
We denote by Area'''^'(M^) the smallest number k among all such represen- 
tations of the image of I^ in F as above. If there exists the maximum of 
{Axe&'^'^^iyV) I \\W\\ < n,W = Iq} for each non-negative integer n, then the 
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relative Dehn function of (G, H) with respect to (X, TV) is defined as 

6^a% ■■{0}UN3n^ max{Arca'''='(Ty) | \\W\\ < n,W ^ 1g} e {0} U N. 

If not. then we say that tlie relative Dehn function of (G, H) with respect to 
{X, TV) is not well-defined. 

We recall the definition of relatively hyperbolic groups by Osin ([121 Defini- 
tion 2.35]). 

Definition 2.1. If (G, H) has a finite relative presentation {X.TZ) such that 
the relative Dehn function (5^ g of (G, H) with respect to (X, TZ) is linear, we 
say that G is hyperbolic relative to H or (G, H) is relatively hyperbolic. 

This definition is independent of the choice of a finite relative presentation 
of (G,H) by jH Theorem 2.34]. 

Remark 2.2. Let K be a family of subgroups of G such that K may contain 
trivial subgroups of G. We suppose that (G, K) has a finite relative presentation 
{X, TZ) and G is hyperbolic relative to K in the sense of Osin. We denote by H 
a subfamily of K which consists of all non-trivial subgroups of G in K. Then 
{X,TZ) is also a finite relative presentation of (G,IHI) and 6q\ = ^(jk- Hence 
we do not consider families of subgroups containing trivial subgroups. 

2.2 Relative Cay ley graphs and coned-off Cay ley graphs 

Let F be a graph whose set of vertices (resp. edges) is denoted by V = V{r) 
(resp. E — E(r)). In this note, graphs mean oriented graphs and thus edges are 
oriented (see for example [H]). For each edge e G E, we denote the origin and 
the terminus of e by e_ and e+, respectively. Let us denote by e~^ the inverse 
edge of e whose origin (resp. terminus) is (e~^)_ = e+ (resp. (e~^)+ = e_). 

For each i ~ 1,2,..., I, let be an edge of F. If a sequence of edges 
p = 6162 • • ■ 6; satisfies (ei)+ = (ei+i)_ for each i = 1,2, ... ,1 — 1, then p is 
called a path of F. The length of a path p = e\ei ■ ■ ■ ei is defined as the number 
of its edges I and denoted by l{p). The vertices (ei)_ and (e;)+ are denoted 
by p- and p+, respectively. For a path p = 6162 ■ ■ • 6;, we define a path p~^ as 
e^^eji^i ■ ■ ■ P-i^- When (6i)„ — (e;)+, the path p is called a cycle of F. When 
p is a cycle, a subpath of a cyclic shift of p is also regarded as a subpath of 
p. A path p = 6162 ■ ■ ■ ei is called an arc if (6i)_, . . . , (e;)-, (6;)+ are mutually 
different. A cycle p = 6162... 6; is a circuit if (ei)_, . . . , (e;)_ are mutually 
different and ei e^^ is satisfied. 

Let Z he a set endowed with an involution Z 3 z z^^ € Z and let Z* be 
the free monoid generated by Z and be endowed with the induced involution. 
We call a map (f): E ^ Z such that (f){e~^) = 4i{e)^^ a labeling by Z. The label 
of a path p = 6162 • • • 6; of F is defined as (^(p) = 0(ei)0(e2) • ■ • 4>{ei) G Z* . We 
note that 0(p~^) = 0(p)^^ for any path p. 

Let X be a system of G, where X is not necessarily a generating system of 
G. The Cayley graph F(G,X) is a graph whose set of vertices (resp. edges) is 
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G (resp. G X X) and for any edge {g, x) G G x X, two ends are {g, x)- = g and 
(g, x)+ = gx. Also we define the labeling hy X as GxX B {g,x) x G X. The 
graph metric on G is denoted by dx , where if gi , 32 G G cannot be connected 
by any path ofT{G,X), then we put (51,52) = 00. 

The relative Cayley graphV{G, H, X) of (G, H, X) is the Cayley graph r(G, XU 
"H). We note that this has the labeling hj X WH. 

The coned-off Cayley graph T{G,M., X) is a graph constructed by adding 
cone-vertices and cone-edges to the Cayley graph r{G,X). Here cone-vertices 
and cone-edges are defined as follows: For any left coset gH G G/H for every 
iJ G H, we define a cone-vertex named by v{gH). For any g G G and any 
H G M, we define [g,v{gH)] as a unique edge from g to v{gH) and its inverse 
edge [v{gH),g] as a unique edge from v{gH) to g. We call such edges cone- 
edges. For any i7 G H and any different 51,52 S G with 51-ff = 52^^, we 
call a path [51, w(giiJ)][u(g2if), 92] the cone-biedge from gi to 52. Note that 
v{g^H)=v{g2H). 

Note that the family X is a relative generating system of (G, H) if and only 
if the relative (resp. coned-off) Cayley graph of (G, H, X) is connected. 

For a path p of r(G,H,X) and G H, a subpath q of p is called an H- 
component of p if g is labeled by {H \ {1})* and not properly contained in 
any subpath r of p which is labeled by (i/ \ {1})*. We call a subpath q oi p 
an M- component if q is an 7?-component of p for some iJ G H. A path p of 
r(G, H, X) is said to be locally minimal if the length of any H-component of p 
is equal to 1. A vertex of p is called a phase vertex of p if it is an end of an 
H-componcnt or an edge labeled by X. For paths p and p' of r{G,M., X) and 
H gM., fl"-components q of p and q' of p' are said to be connected if vertices g_ 
and (7^_ belong to the same left coset of H, that is, {q-)H = {q'_)H. For a path 
p of r(G, H, X) and 7J G H, an ff-component g of p is said to be isolated if any 
other 7J-component r of p is not connected to q. A path p of r(G, H, X) is said 
to be without backtracking if every H-component of p is isolated. 

Let a path p of r(G,]HI, X) consist of conc-bicdges and edges labeled by 
elements oi X. In particular its ends belong to G. For H G M and 5 G G, 
we say that p penetrates the left coset gH by a subpath g of p if g consists of 
cone-biedges with a vertex v{gH) and is not properly contained in any subpath 
r of p which consists of cone-biedges with a vertex v(gH). Such a subpath g of 
p is called a penetrating subpath of gH. The path p is said to be locally minimal 
if for any left coset gH, whenever p penetrates gH by a subpath g, the subpath 
g consists of a cone-biedge of r(G, H, X). A vertex of p is called a phase vertex 
of p if it is an end of a penetrating subpath or an edge labeled by X. The path 
p is called a path without backtracking if every left coset gH is penetrated by p 
less than twice. 

Now we consider relation between paths of r(G, H, X) and r(G, M, X). Note 
that T{G,X) is contained in both f{G,M,X) and f{G,M,X). Take an arbi- 
trary path p of r(G,IHI, X). We construct a path n{p) of r(G,H,A') from p 
by replacing all edges labeled by H with cone-biedges, that is, replacing an 
edge (5, h) labeled hy h G H \ {1} from g G G to gh G G with a cone-biedge 
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[g,v{gH)][v{gH), gh]. Here we collect well-known properties between relative 
Cayley graphs and coned-off Cayley graphs. 

Lemma 2.3. Suppose that G is finitely generated relative to H and denote by 
X a finite generating system of G relative to H. Then we have the following: 

(i) The map idc : G — > G is (2, 0)-quasi- isometric from G with dxuu to G 
with the distance induced by df^g jj x)- 

(ii) For any gi, (72 G G we take any path p from gi to 32 of T{G, H, X) which 
consists of cone-biedges and edges labeled by elements of X. Then there 
exists a unique path p from gi to g2 of r(G, H, X) with 7r(|5) = p and the 
set of phase vertices of p is equal to that of p. 

(iii) For any gi,.92 G G, we consider a path p from gi to 92 of r(G, H,X) and 
put p = Then the following hold: 

(a) For a subpath g of p, g is an iJ-componcnt of p if and only if p 
penetrates a left coset of by a penetrating subpath 7r(g). 

(b) The path p is locally minimal if and only if p is locally minimal. 

(c) The path p is a path without backtracking if and only if p is a path 
without backtracking. 

(d) The path p is a locally minimal circuit without backtracking (resp. a 
locally minimal arc without backtracking) if and only if p is a circuit 
(resp. an arc). 

We recall the definition of fine graphs due to Bowditch [H p. 9]. 

Definition 2.4. A graph F is said to be fine if for any edge e of F and any 
positive integer n, the set of circuits of length at most n containing e in F is 
finite. 

Wc confirm well-known facts that both hypcrbolicity and fineness are inde- 
pendent of the choice of a finite relative generating system. 

Lemma 2.5. Suppose that (G,H) has two finite relative generating systems X 
and Y . Then we obtain the following: 

(i) XUY is also a finite relative generating system of (G, H) and the natural 
inclusion from r(G,H,X) into r(G,H,X U Y) (resp. from r(G,H,y) to 
F(G,EI,X U Y)) is a quasi-isometry. 

(ii) f(G, H, X) is hyperbohc if and only if f (G, H, Y) is hyperbohc. 
(ui) r(G, M, X) is fine if and only if r(G, H, Y) is fine. 



7 



Proof, (i) It is clear that X U F is a finite generating system of G relative to 
H. Each of r(G, H,X) and T{G,M,Y) is naturally regarded as a subgraph of 
f(G, m,XUY). By [ni Lemma 2.7], the natural inclusion from f (G, H, X) into 
f (G, H, X U r) (resp. from f{G, H, F) into r(G, M, X U F)) is a quasi-isometry. 

(ii) Since r{G,M, X) is quasi-isometric to r(G, H, F), one is hyperbolic if 
and only if the other is hyperbolic. 

(iii) Note that the stabilizer of any edge of r(G, H, X U F) is finite. By the 
same way as in the proof of [TTl Lemma 2.9], we can show that if r(G, H, X) is 
fine, then r(G, M,X\JY) is also fine. Since any subgraph of a fine graph is fine, 
the coned-off Cayley graph f(G, M, X) is fine if f(G, M, X U F) is fine. □ 

BCP property due to Farb [4] can be extended to a group which is not 
necessarily finitely generated. The following is based on [101 Theorem 2.14 (2)]. 

Definition 2.6. Suppose that (G, H) has a finite relative generating system X 
of (G,!!). We say that (G,EI, X) satisfies BCP property if there exists a finite 
relative generating system F of (G, H) satisfying the following: For any ij. > 1 
and any G > 0, there exists a constant a = a{fx, G) such that for any g ^ G, 
any i7 6 H and any (/i, G)-quasigeodesics p and q without backtracking in 
r(G, H, X) satisfying p^,p+,q-,q+ G G, p- = q- and p+ = q+, if p penetrates 
gH by a penetrating subpath s and q does not penetrate gH, then ciy(s_, s+) < 
a. 

By Lemma 12.31 we have the following equivalent definition. 

Definition 2.7. Suppose that (G,H) has a finite relative generating system X 
of (G, H). Then (G, H, X) satisfies BCP property if there exists a finite relative 
generating system F of (G, H) satisfying the following: For any /i > 1 and 
any G > 0, there exists a constant a = a{fi, G) such that for any iJ e H and 
any (/i, G)-quasigeodesics p and g without backtracking in r(G, H, X) satisfying 
P- = q- and p+ = if an iJ-component s of p is connected with no H- 
components of q, then (iy(s_, s+) < a. 

Remark 2.8. By [5J Appendix A], when G is finitely generated. Definitions [52] 
and 12.71 are equivalent to BCP property due to Farb [3]. 

2.3 Condition (a) 

Before defining Condition (a), we show the following lemma. 

Lemma 2.9. Let AT be a relative generating system of (G, H). Take a subfamily 
H' of H. Then the following are equivalent: 

(i) Any circuit of r(G, H, X) penetrates no left cosets of each if G H \ H'; 

(ii) Any locally minimal circuit without backtracking of r(G,H, A) contains 
no isolated ff-components for each £ H \ H'; 
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(iii) Any cycle of T{G, H, X) contains no isolated iJ-components with different 
endpoints for each H € H \ H'; 

(iv) The group G is freely decomposed into {X, ]H[')*(*/f gg^jj/i/), where {X, H') 
is a subgroup generated by X and all elements of H' in G; 

(v) Any different elements of each H G ]HI\E1I' cannot be connected by any path 
of r(G,H,A:) without edges belonging to H x {H\{1}) C G x {H\ {1}). 

Proof. It follows from Lemma [^751 fiii) (d) that (i) is equivalent to (ii). It is clear 
that (iii), (iv) and (v) are equivalent. Also (iii) obviously implies (ii). 

We prove that (ii) implies (iii). Take an S H and a cycle c of r(G, H, X). 
Suppose that c contains an isolated TJ-component s with s_ 7^ s+. We consider 
an edge e = (s_, /i) € G x {H \ {1}) where h =f (j){s). When we replace s with 
e, we have a cycle c', where e is an isolated iJ-component of c' . There exist 
shortest cycles which contain e as an isolated iJ-componcnt. Such cycles are 
locally minimal and without backtracking. □ 

The following is clear. 

Lemma 2.10. Let X be a relative generating system of (G, H). Take a subfam- 
ily H' of H. Suppose that H' satisfies one of five (mutually equivalent) conditions 
in Lemma [^7^ Then the natural embedding from {X, H') with dxuw to G with 
dxuH is isometric, where %' := |Jff'GH'(^' \ W)- 
Now we define Condition (a). 

Definition 2.11. Let X be a relative generating system of (G, H). We say that 
(G, H, AT) satisfies Condition (a) if a finite subfamily H' of H satisfying one of 
five (mutually equivalent) conditions in Lemma 12.91 

We say that (G,]HI) satisfies Condition (a) if (G, H, A) satisfies Condition 
(a) for some relative generating system A of (G,EI). 

Remark 2.12. If H is finite, then (G, H, A) trivially satisfies Condition (a) for 
any relative generating system A of (G, H). Also if (G, H) has a finite relative 
presentation (A, 7^), then (G, H, A) satisfies Condition (a). 

The following is clear and is used without being explicitly mentioned from 
now on. 

Lemma 2.13. Let A" be a relative generating system of (G, H). We denote 
by M.X the smallest subfamily of H satisfying one of five (mutually equivalent) 
conditions in Lemma [2.91 Then (G,]HI, X) satisfies Condition (a) if and only if 
Hx is finite. 

Lemma 2.14. Let A and A' be relative generating systems of (G,]HI), respec- 
tively. Suppose that A' includes A. Then (G, H, A) satisfies Condition (a) if 
(GjMI, A') satisfies Condition (a). Moreover suppose that A'\A is finite. Then 
(G, H, A) satisfies Condition (a) only if (G,H, A') satisfies Condition (a). 

In particular if (G, H) is relatively finitely generated and (G, H) satisfies 
Condition (a), then (G,IHI, A) satisfies Condition (a) for any finite relative gen- 
erating system A of (G,IHI). 
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Proof. Since we have Mx C Hx', Hjc is finite if Mx' is finite. 

Suppose that Hx is finite and that Y = X' \X is finite. Since y is finite, 
there exists a finite subfamily H' of HI such that Mx C H' and all elements of Y 
belong to {X,mx)*[*Hm'\a^H) ^ (X,H'). Since G = (X, Hx)*(*HeH'\Hxi?)* 
{*H&i\wH) = (X, H') * (*//gH\H'^)7 Y has no relation with H G ]H\]H['. Hence 
H' includes M.x> and thus Hx' is finite. □ 



3 Relative hyperbolicity for groups 

In this section we discuss definitions of relative hyperbolicity for groups. 

3.1 Equivalent definitions of relative hyperbolicity 

We show the following. 

Proposition 3.1. Let G be a group and H be a family of non-trivial subgroups 
of G. Suppose that (G, H) has a finite relative generating system X. Then the 
following conditions are equivalent: 

(i) The coned-off Cayley graph T{G,M,X) is hyperbolic, fine and {G,M,X) 
satisfies Condition (a); 

(ii) (G, H) has a finite relative presentation (X, TZ) whose relative Dehn func- 
tion is linear; 

(iii) The relative Cayley graph r(G, H, X) is hyperbolic and (G, H, X) satisfies 
BCP property and Condition (a); 

(iv) The family H is hyperbolically embedded in G with respect to X (in the 
sense of [3]) and (G, H, X) satisfies Condition (a). 

The family H is hyperbolically embedded in G with respect to X if r(G, H, X) is 
hyperbolic and for any G H and any positive integer n, the set of vertices of 
H connected to 1 by paths with at most length n in r(G,E[, X) without edges 
belonging to H x {H \ {1}) is finite (see [3l Theorem 4.24 a) and Definition 4.25] 
for details). 

Remark 3.2. Recall that (G,IHI) is said to be relatively hyperbolic if there 
exists a finite relative presentation of (G, H) whose relative Dehn function is 
linear. Also note that the condition (i) in Proposition 13.11 is independent of 
choice of finite relative generating systems of (G, M) by Lemmas 12.51 and 12.141 
Hence (G, H) is relatively hyperbolic if and only if (G, H) is finitely relatively 
generated and some (resp. any) finite relative generating system X of (G,H) 
satisfies one of (mutually equivalent) four conditions in Proposition 13. II 

If G is countable and H is finite, it is well-known that (i), (ii) and (iii) are 
equivalent (see [2 Appendix A], [121 Appendix], [9l Section 3], [TUl Theorem 
2.14] and [HI Theorem 2.18]). Note that if H is finite, then {G,M,X) automat- 
ically satisfies Condition (a). 
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Even if G and H are not necessarily countable nor finite, respectively, some 
implications follows from known facts. Indeed since (G, H, X) satisfies Condition 
(a) whenever {X, TV) is a finite relative presentation of (G, H), it follows from [31 
Proposition 4.28 a)] that (ii) implies (iv) and also it follows from [TUJ Theorem 
2.14] that (ii) implies (iii). Wc remark that [TUl Theorem 2.14] also claims the 
following: 

Proposition 3.3. Suppose that (G, H) has a finite relative presentation (X, TV) 
whose relative Dehn function is linear. Then (G, H) has a finite relative gen- 
erating system Y Z) X satisfying the following: For any /x > 1, G > 0, fc > 0, 
there exists a constant K = G, k) such that for any (/z, G)-quasigeodesics 
p and q which are fc-similar by dx and without backtracking in r(G, H, X), the 
sets of phase vertices of p and q are contained in the closed i^-neighborhoods 
with respect to dy of each other. Here the paths p and q are said to be k-similar 
by dx if there exists A: > such that dx{p-,q-) < k and dx{p+, q+) < k. 

Also it follows from [31 Proposition 4.28 b)] that (iv) implies (ii) in view of 
Lemma [2T9l (vi). Indeed when H is hyperbolically embedded in G with respect 
to X, Hjc is hyperbolically embedded in Go := {X,Mx) because r(Go, Hx, ^) 
is naturally isometrically embedded into r(G,IHI, X) by Lemma 12.101 When 
{G,M,X) satisfies Condition (a), Mx is finite. Hence [3] Proposition 4.28 b)] 
implies that (Go,IEIIx) has a finite relative presentation {X,TZo) whose relative 
Dehn function is linear. Then {X,TZo) can be regarded as a finite relative 
presentation of (G, H) by Lemma 12.91 (iv). Then the relative Dehn function of 
(G, H) with respect to {X,TZo) is linear because it is equal to the relative Dehn 
function of (Go,lHIx) with respect to {X,TZa). 

In order to complete a proof of Proposition l3.11 we show that (i) implies (iv) 
and that (iii) implies (i). 

The following shows that (i) implies (iv). 

Lemma 3.4. Let X be a generating system of (G, H). Suppose that r(G, H, X) 
is fine. Then for any 7J G M and any positive integer n, the set of vertices of 
H connected to 1 by paths with length at most n in r(G, H, X) without edges 
belonging to H x [H \ {1}) is finite. 

Proof. Take a positive integer n, iJGlHI, /iGiJ\{l} and a shortest path q 
from h to 1 in T{G,W^X) without edges belonging to H x {H \ {1}). Suppose 
that length of q is at most n. We denote by e the edge from 1 to ft- labeled by 
h G \ {1}. Then p := eq is a, locally minimal circuit without backtracking in 
r(G, H, X), whose length is at most n + 1. When we consider the cycle Ti{p) in 
r(G, H, X) which is constructed on the above of Lemma l273l this is a circuit by 
Lemma 1231 (3) (d). Note that 7r(p) contains the cone-bicdge [l,v{H)][v{H),h] 
and has length at most 2(n + 1). When r(G, H, X) is fine, cardinality of circuits 
containing [1, v{H)] with length at most 2(n + 1) is finite. Hence the assertion 
follows. □ 

Finally we show that (iii) implies (i) (refer to 12 A. 2 Proposition 1]). 
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Lemma 3.5. Suppose that (G, H) has a finite relative generating system X and 
(G, H, X) satisfies BCP property. We take the finite relative generating system 
Y of (G,H) in Definition [HI Let c be a circuit of length i > 1 in r(G,H,X). 
Then we obtain a cycle c in r(G, X U F) by replacing any cone-biedge of c with 
a path labeled by elements of Y whose dy-length is at most a = a{L, 0). The 
length of c is thus at most aL. 

Proof. Since any circuit of length i < 2 in r{G,M., X) does not contain any 
conc-bicdgc, we assume that i > 3. 

Let c be a circuit of length L in r{G,M, X). Then this is a locally minimal 
path without backtracking. Since i > 3, the circuit c contains two different 
vertices M,u G G. We divide c into two paths p and g with c = pg^^, p_ =q^=u 
and p+ The paths p and gare locally minimal (i, 0)-quasigeodesics 

without backtracking from u to v. We hence obtain paths p and q in TiG^XlAY) 
by replacing any cone-biedge of p and q with a path of dy-length at most a whose 
labels are elements of Y because for any iJ G H, p and q penetrate no common 
cosets of G/H. Put c = pq~^- The path c is a cycle in r{G,X U Y) whose 
length is at most aL. □ 

Lemma 3.6. Suppose that (G,H) has a finite relative generating system X. If 
{G,M,X) satisfies BCP property and Condition (a), then r(G,IHI, X) is fine. 

Proof. Let e be an edge of r(G, H, X) and let n be a positive integer. If n < 2, 
then the set of circuits of length at most n containing e is finite because such a 
circuit does not contain any cone-biedge and X is finite. 

Wc thus assume that n > 3. Let us denote by Y the finite relative generating 
system of (G,E[) in Definition 12.61 For any circuit c in r(G, H, X) containing e 
of length n, a cycle c of length at most a{n, 0) ■ n in r(G, X LAY) is constructed 
by Lemma 13.51 Since two different vertices of c may be connected by a cone- 
biedge in c, the cycle c can be obtained from at most a{n,o)-nC2 ■ #IHIx mutually 
different circuits in r{G,M, X) by the way of Lemma 13.51 in view of Lemma 12.91 
(1). Here we denote the cardinality of Hx by #IHIx, which is finite by Condition 
(a). 

Hence the cardinality of the set of circuits containing e of length n is at most 
mx U .„(„,o).„G2 • #Hx, which is finite. □ 

By Lemma 12.31 (i) and Lemma |3.6[ we obtain that (iii) implies (i). 

3.2 The case where the family of subgroups is finite 

We deal with the case where H is finite. The following is based on [1] Definition 
2]. 

Definition 3.7. Let H be a finite family of infinite subgroups of G. Suppose 
that G acts on a connected fine hyperbolic graph F with finite edge stabilizers 
and finitely many orbits of edges, and H is a set of representatives of conjugacy 
classes of infinite vertex stabilizers. Then F is called a {G,M)- graph. 



12 



The following is well-known if G is finitely generated (see [21 Appendix A] ) . 

Proposition 3.8. Let G be a group and let H be a finite family of infinite 
subgroups of G. Then G is hyperbolic relative to H if and only if there exists a 
(G, H)-graph. 

Proof. Note that (G, H) satisfies Condition (a) because H is finite. By [TTl 
Proposition 4.3], there exists a (G, H)-graph if and only if there exists a finite 
generating system X of G relative to H, the coned-off Cayley graph r(G, H, X) is 
a (G,H)-graph. The assertion follows from condition (i) in Proposition 13. II □ 

Remark 3.9. Another definition of relative hyperbolicity which allows the case 
where G can be uncountable is given by Gerasimov [5] as follows: The group G 
is said to be hyperbolic relative to a family HI of subgroups of G in the sense of 
Gerasimov if G acts 3-properly and 2-cocompactly on a compact Hausdorff space 
X and H is a set of representatives of conjugacy classes of maximal parabolic 
subgroups. Note that HI is known to be finite (O Main Theorem]). When we 
suppose that HI is finite, existence of the above X is equivalent to existence of 
a (G, EI)-graph according to [6l Section 9.1] and [71 Proposition 7.1.2]. 

4 Relative quasiconvexity for subgroups 

In this section we study relatively undistorted subgroups and relatively quasi- 
convex subgroups. Theorems II. 3[ \TM and [TTSl are proved in Section 4.3. 

4.1 Condition (b) and relatively finitely generated sub- 
groups 

In this section we study Condition (6) (Definition II. 1[) and relatively finitely 
generated subgroups. We give several lemmas which are used in Sections 4.2 
and 4.3. 

First we define relatively finitely generated subgroups. 
Notation 4.1. Take a subset F C G. We put 

mL,Y ■■= {L n yHy-^ \HeU,y^Y,Lr\ yHy-' ^ {1}}, 
Hl,y:^ U {{LnyHy-')\{l}}. 

LnyHy-^eUL.Y 

Definition 4.2. The subgroup L is finitely generated relative to H in G if there 
exists a finite subset Y C G such that L is finitely generated relative to Ml^y- 

Remark 4.3. On the above, if we take a finite subset Y' C G such that Y' 3 Y, 
then L is also finitely generated relative to Hiy. 

Lemma 4.4. The subgroup L is finitely generated relative to H in G if and 
only if gLg~^ is finitely generated relative to H in G for every g ^ G. 
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Proof. Suppose that we have a finite subset Y C G such that L is finitely gen- 
erated relative to M^^y Take a finite relative generating system S of (L, H^.y). 
For any g & G, we have Hg^g-i = {gKg~^ \ K G Hi^y}. Then gSg~^ is a 
finite relative generating system of [gLg^^ ^Wgi^g-i ^y) . □ 

Lemma 4.5. Let A' be a subgroup of G. Suppose that both K and L satisfy 
Condition (6) with respect to H in G. Then K O L also satisfies Condition (6) 
with respect to H in G. 

Proof. We take arbitrarily yi,?/2 e G with (A:nL)yin(/v nL)?/2 = 0. Note that 
{K n n (a: n L)y2 = (A:?/i n Kyz) n (iyi n L2/2) = 0. if both Kyi n A^yz 7^ 
and Lyi H Ly2 7^ held, we would have k £ K and ^ e L with j/i = fcj/2 = ^2/2- 
This implies that k = I € K n L and contradicts (A' n L)yi n (AT n A)2/2 = 0- 
We thus obtain at least one of Kyi f) Ky2 = and Lyi n it/2 = 0- 

Without loss of generality, we assume that Kyi D Ky2 = holds. It follows 
that V.xnL,yi,y2 is finite because ^KnL,yi,y2 C V.x,yi,y2. □ 

The following is often useful. 

Lemma 4.6. Suppose that L is finitely generated relative to H in G. Then 
there exists a finite subset Y C G such that L is finitely generated relative to 
H^ y and all elements of Y belong to mutually different right cosets of L in G. 

Proof. Take a finite subset Y C G such that L is finitely generated relative to 
Ml^y and also a finite relative generating system 5* of (A,EIi^y). If we have 
y' = ly for some y,y' € Y and / G L, then S U {/} U is a finite relative 

generating system of {L,Mi^_Y\{y'})- 

The following implies that Condition (b) is not strong. 

Lemma 4.7. Let (G,H) have a finite relative generating system X. Suppose 
that {G,M,X) satisfies Condition (a). If L is finitely generated relative to H in 
G, then L satisfies Condition (6) with respect to H in G. 

Proof. Take yi,y2 S G such that Lyi ^ Ly2 . We take a finite subset Y C G 
and a finite generating system S of L relative to H^^y. We can assume that 
yi and y2 belong to Y and all elements of Y represent mutually different right 
cosets of L in G by Remark 14.31 and Lemma 14.61 Suppose that H is an element 

of Mr 

vi,V2- Then we take an element I — yihy2 ^ & L n yiHy2 ^ which is one 
of the nearest vertices from 1 by dsuUL y among L H yiHy2^ . Take a geodesic 
p of r(A, Hi^y, 5") from I to 1. Wc note that p is trivial if Z = 1. When we 
replace each edge e of p labeled by some yh'y~^ € {LD yH'y~^) \ {1} for some 
L n yH'y^^ e B.l,y with a path of three edges labeled hy y £ Y , h' e H' \ {1} 
and y~^ G we have a path p' of r(G, M,X UYU Y'^ U S). Now we take 

the path q from 1 to / of three edges ei, 62 and 63 labeled hy yi £ Y , h £ H and 
y^^ G r^i, respectively. Then qp' is a cycle in r(G, H, X U F U Y-^ U 5). If 62 
is an isolated iJ-component in qp' , then H G EIxuyuY-ius by Lemma 12.91 fiii). 
We note that 62 satisfies the case if 2 = 1. If not, then we have an if -component 
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64 connected to 62 such that there exists no fl"-component which is connected 
to 62 on the subpath r of qp' from (62)+ to (64)_. Assume that (62)+ = (64)-. 
Since all elements of Y belong to mutually different right cosets of L in G, we 
have an edge 65 labeled by such that 6^^6465 is a subpath of p' from I to 
some V G L. Since we have a path 61626465 of r(G, M.,X UY U Y"^ U S) from 
1 to I' , the element I' lie in yii/j/^^. Then the subpath s of p from I' to 1 is 
shorter than p. This contradicts choice of /. Hence we have (62)+ 7^ (64)-. 
When we denote by the edge from (64)- to (62)+ labeled by an element of 
-ff \ {1}, eg?' is a cycle, where 65 is an isolated i?-component with different ends. 
Hence H e Hxuyuy-ius by Lemma [2 Jl (ii i) . Thus B.L,yi,y^ C Hxuyuy-ius- 
Since Mxuyuy-'^us is finite by Lemma [2 .141 ^L.yi,y2 is also finite. □ 

Lemma 4.8. Let (G,M) have a finite relative generating system X. Suppose 
that {G,M,X) satisfies Condition (a). Let L be finitely generated relative to H 
in G. For a finite subset Y C G such that all elements of Y belong to mutually 
different right cosets of L in G, when S" is a finite relative generating system of 
{L,Ml,y), {L,Ml,y, S) satisfies Condition (a). 

Proof. We take a finite relative generating system S of {L,Ml,y)- Take an 
element L n uoHqUq^ E {Ml,y)s where yo £ Y and Hq G H. We take a 
locally minimal circuit c without backtracking in T{L,Ml^y, S) which have an 
edge labeled by some element of {L n ijoHoUq^) \ {!}. We suppose that the 
length of c is shortest among such circuits. Then c has an edge eo labeled by 
yohoVQ^ G (L n yoHoyQ^) \ {!}. When we replace each edge in c labeled by 
some element yhy~^ G (L n yHy~^) \ {1} for each L fl yHy^^ G {Mil.y)s with 
a path of three edges labeled byj/GF, h £ H\{1} and y^^ G Y^^, we have a 
cycle c' in r(G, H, X U F U Y~^ U S). Suppose that 60 is replaced with a path 
616263 of three edges labeled by yo G F, /iq G i?o \ {1} and y,^^ ^ Y~^. If 62 
is an isolated iJo-component in e', then iJp G H^uyuy-ius by Lemma l2.9l (iii). 
If not, then we take an i/o-component e connected to 62 such that there exists 
no _ffo-component which is connected to 62 on the subpath p of c' from 6+ to 
(62)-. Since all elements of Y belong to mutually different right cosets of L in 
G, we have 6+ 7^ (62)- by choice of c (refer to the argument in Proof of Lemma 
14. 7p . When we denote by e' the edge from (62)- to 6+ labeled by an element 
of Hq \ {1}, e'p is a cycle, where e' is an isolated iJo-component with different 
ends. Hence G Hxuyuy-ius by Lemma 12.91 (iii). Since H^uyuy-ius is 
finite by Lemma [2.141 and Y is finite, {M.l,y)s is also finite. □ 

Wc consider a kind of reduced version of Hi y. 

Notation 4.9. When n is a positive integer and Y = {yi, . . . ,y„} is a subset 
of G, we put 

mi^Y ■■= {L n yjHyJ^ G Mlx I for any ^ < j, L y^HyT^ = 0}, 
niY--= U {{LnyHy-^)\{l}}. 
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When we have two finite subsets Y = {yi, . . . , y„} and Y' = {yi, . . . , y„, y„+i . . . , 2/„'} 
of G, we have y C ]HI£ y, by definition. 

The fohowing is trivial, but it is often useful. 

Lemma 4.10. Take y,y' € G such that Ly ^ Ly' and H G H^ y y'. Then for 
any Z G i n yHy''^, we have L n yHy^^ = Z(L n y'Hy'^^)l^^ and LCiyH = 
liLny'H). 

Lemma 4.11. Let {G,M) have a finite relative generating system X. Suppose 
that {G,M.,X) satisfies Condition (a). Let L be finitely generated relative to 
H in G. Take any finite subset Y = {yi, . . . ,2/„} of G such that L is finitely 
generated relative to and all elements of Y belong to mutually different 

right cosets of L in G. Then Ml^y \ y consists of finitely many elements 
and L is finitely generated relative to y- Moreover for any finite relative 
generating system S of (L, IHI£ y), the identity map on L is quasi-isometric from 
{Ljdsuni y) to [L,dsunL,Y)- ^l^o (L,H£ yjS") satisfies Condition (a). 

Proof. It follows from Lemma [4.71 that H^ y \ H£ y is a finite subset of M^^y- 
When i,j G {l,...,ri} and G H satisfy L n yiHyJ^ ^ and i < j. we 
take an element Ij^i^H & L (1 yiHyJ^. We denote the subset of L consisting 
of such elements and their inverses by T. We fix a finite relative generating 
system U of {L,M.l^y)- Then S' :=TUU \s a. finite relative generating system 
of {L,Wj^ y) in view of Lemma [4.101 Also we can straightforwardly prove that 
the identity map on L is quasi-isometric from {L^duuUL.Y) to {L,ds>uHi in 
view of Lemma 14.101 Hence Lemma 12.51 (i) implies that for any finite relative 
generating system S of (L, y), the identity map on L is quasi-isometric from 
(Ljdsu-HL.r) to {Lsuni y)- follows from Lemma that {L,M^^ y) satisfies 
Condition (a). □ 

Lemma 4.12. Let {G,M.) have a finite relative generating system X. Suppose 
that {G,M,X) satisfies Condition (a). Let L be finitely generated relative to 
H in G. Take any finite subset Y' = {yi, . . . ,y„'} of G such that all elements 
of Y' belong to mutually different right cosets of L in G. Take a subset Y := 
{yi,...,j/„} C Y' and suppose that L is finitely generated relative to Ml.y- 
Then M£_y, \ M£_y is finite. 

Proof. Note that we have y C EI£ y, . We take a finite relative generating 
system S of (L,]HI£y). Then S is also a finite relative generating system of 
(L,IHI£ y,). By definition, we have (IHI£ y)s C (1HI£ y')s- By the condition (iv) 
of LemmaEH we have L = (5', (ML^Y)s)*{*Kmi y\(H£ ^)s^0 = (-5', {^I.y')s)* 
i*K'mi y,mi y,)sK') and thus we have H£ y \'(H£,y)5 D H^y, \ (H^.yOs- 
Since {Ml y)s C (H£ y,)s, we have EI£ y \ (H£ y,)s ^ \ (H^ yOs- In fact 

H£_y \ (H£_y,)s = H^.y, \ (]HI£_y,)s by y C H£_y,. The assertion follows 
from the fact that (i,H£ y, ) satisfies Condition (a) by Lemma [4. Ill □ 
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4.2 Relatively undistorted subgroups 

In this section we study relatively undistorted subgroups. We give several lem- 
mas which are used in Section 4.3. 

We define relatively undistorted subgroups. 

Definition 4.13. Suppose that (G, H) has a finite relative generating system 
X . Then L is undistorted relative to H in G if i is finitely generated relative to 
IH in G and for some finite subset y C G and some finite generating system S 
of (LjHi^y), the natural embedding from {L, dgufiL y) to (G, dxuw) is quasi- 
isometric. 

Also L is strongly undistorted relative to H in G if i is finitely generated and 
for some finite generating system S of L, the natural embedding from {L,ds) 
to (G^dxuu) is quasi-isometric. 

Remark 4.14. The above is independent of choice of X and S by Lemma 
12.51 Also Lemmas 14.171 14.181 and 14.191 claim that the above is in some sense 
independent of choice of Y . 

If L is strongly undistorted relative to H in G, then L is undistorted relative 
to H in G by taking F as 0. 

Example 4.15. Suppose that G is finitely presented relative to H. We take a 
finite relative presentation (X, TZ) and denote Q the subgroup generated by X 
and J7. Since J7 is finite, Q is finitely generated. Then Q is undistorted relative 
to M in G by [HI Proposition 2.49]. 

Lemma 4.16. Suppose that (G, H) has a finite relative generating system X. 
The subgroup L is (strongly) undistorted relative to HI in G if and only ii gLg~^ 
is (strongly) undistorted relative to H in G for every g ^ G. 

Proof. We consider the setting in Proof of Lemma 14.41 
Take g <E G. Then for any I £ L, we have 

dnuXU{g}u{g-^}{^, 9h^^) 
<dnuXU{g}u{g-^}{^7 9) + dHuXU{g}u{g-^}{9 1 9^) + dHUXU{g]u{g-^}{9^ ^ 9^'^) 
<d-uuXU{g}u{g-^}0'i 9) + C^WUA-U{g}u{3-i}(l, + duuXU{g}u{g-^}{'^T 9^^) 
<d-uuXU{g}u{g-^}{'^i 0+2 

and we have by a similar way 

d-HUXU{g}u{g-i}(l, - 2 < d-HuXU{g}u{g-i}(l,5'5""^)- 

Also we have 

^w,i:,-i,,i'U9S£,-i(l,.9'.9"^) = dnr.,Yus{lA)- 

Since the identity from (G, duux) to (G, 'i-Huxu{g}u{g-i}) is quasi-isometric by 
Lemmas 12.51 (i) and 12.31 (i). the assertion follows. □ 
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Lemma 4.17. Suppose that {G,M) has a finite relative generating system X 
and that L is undistorted relative to H in G. We take a finite subset Y' C G 
and a finite relative generating system S" of {L,'E.l^y') such that the natural 
embedding (L, ds/uw^ y, ) — > (Gjdxun) is quasi-isometric. Then we have a 
subset F of y and a finite relative generating system S of (LjHi.y) such that 
all elements of Y belong to mutually different right cosets of L in G and the 
natural embedding [L^dsuUL y) ~^ {G,dxuu) is quasi-isometric. 

Proof. Take y' E Y'. If there exist I S L and y G Y'\{y'} such that y' = ly, then 
we consider Y" := Y' \ {y'} and S" := S' U {/} U {l^^]. We replace each edge in 
V{L,mL,Y'.S') labeled by y'hy'-^ e LDy'Hy'-^ for some L Dy' Hy''^ G Hl^i- 
with a path in r(L, HL^y, 5") of three edges labeled by /, yhy~^ and 
Then the natural embedding {L,ds"unj^ yn) ^ (G,c?xuw) is quasi-isometric. 
By continuing the procedure, we have Y and S satisfying the assertion. □ 

Lemma 4.18. Let (G,H) have a finite relative generating system X. Let L be 
undistorted relative to H in G. If there exist a finite subset Y C G and a finite 
generating system S oi L relative to Hl.y such that the natural embedding 
(L, dsuHL y) ^ (^i dxun) is quasi- isometric, then for any finite subset Y' G G 
such that Y C Y', the natural embedding [L^dswH^ y') ^ {G^dxuu) is quasi- 
isomctric. 

Proof. By Lemma [^31 the identity map from (G, dxun) to (G, dxyyuy-iusuw) 

is quasi- isometric. We claim that the embedding from (L, dsun^, y' ) "^xuy uy-iusuw) 

is large-scale Lipschitz. Indeed for any path p of r(L, H^^y/ , S), when we replace 

any edge labeled by some element y'hy'~^ £ {LCi y' Hy'~^) \ {1} with a path of 

three edges labeled by y' , h and y'~^, we have a pathp' of (G, dxuY'uY'-^usun)- 

Then length of p' is at most three times of length of p. Also the identity map 

from {L,dsuHL,Y) to (i, rfsuw^ .j,, ) is large-scale Lipschitz by Hi^y C Hi^y. 

Since {L,dsunL.Y) ~> (G,dxuw) is quasi-isometric, (L, dsuw^, ) -> {G.dxuu) 

is quasi-isometric. □ 

Lemma 4.19. Let (G, H) have a finite relative generating system X. Let 
L be undistorted relative to H in G. Take a finite subset Y <Z G and a fi- 
nite relative generating system S of (L,Hi,y) such that the natural embedding 
{LjdsuHL y) ~^ (G, dxun) is quasi-isometric. When we take ly G L for each 
y €Y, we put Y' := {/j,j/}ygy. Then the natural embedding {L^dsun^ y') ^ 
{G,dxun) is quasi-isometric. 

Proof. We can easily confirm that T{L,IIl,y', S U {ly}y£Y U {^jJ'^lyGi') and 
r(L, Ml,y, S U {^ylyGF LI {ly^}y£Y) arc quasi-isometric. □ 

The following gives a characterization of relatively undistorted subgroups. 

Proposition 4.20. Let (G, H) have a finite relative generating system X. Sup- 
pose that {G,M.,X) satisfies Condition (a). The subgroup L is undistorted rel- 
ative to H in G if and only if L satisfies Condition (6) and there exist constants 
^ > 1, G > and a finite subset Y C G satisfying the following: for any 
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I G L \ {1}, there exists a locally minimal {fi, C)-quasigeodesic p in r{G, H, X) 
without backtracking from 1 to / such that all vertices on p are contained in 
LULY. 

Proof. Suppose that L is undistorted relative to EI in G. Since L is finitely 
generated relative to H in G, L satisfies Condition (b) with respect to H in G by 
Lemma [4.71 We take a finite set Y C G and a relative generating system S of 
(L,HL.y) such that all elements of Y belong to mutually different right cosets 
of L in G. We take / e L \ {1} and a geodesic p from 1 to / in T{L, H^.y, S). 
When we replace each edge in p labeled by yhy~^ £ {L f) yHy^^) \ {1} to a 
path of three edges labeled hy y€Y,hGHGM and y^^ G Y^^ for any 
L n yHy-^ G Ml,y, we have a path p' in T{G, H, X U F U Y~^ U S). Since L is 
undistorted relative to H in G, there exists a pair of constants {fi, G) (which is 
independent of I and p) such that p' is a {fi, G)-quasigeodesic from 1 to I. We 
can take a locally minimal G)-quasigeodesic p" without backtracking from 1 
to I such that all vertices on p" belongs to p' . Since all vertices on p' belong to 
L U LY, all vertices on p" also belong to L U LY. 

Suppose that L satisfies Condition (6) and there exist constants /i > 1, G > 
and a finite subset Y C G satisfying the following: for any I G L\{1}, there exists 
a locally minimal (/^, G)-quasigeodesic p in r(G, H, X) without backtracking 
from 1 to I such that all vertices on p are contained in i U LY. Wc can assume 
that Y contains 1 and all elements of Y belong to mutually different right cosets 
of L in G. First we prove that L is finitely generated relative to Ml^y- We put 

Wi := {yxy'-^ \ y eY,x e X,y' eY, yxy'-^ e L}. 

For y,y' <E Y and H G M such that y ^ y' and L n yHy'^^ ^ 0, we fix an 
element ly-yi^n G LPs yHy'^^. Note that L n yHy'~^ = (L n yHy~'^)ly^yi by 
Lemma [4. 101 We put 

:= I 2/, e r, i/ e H, y 7^ y', i n yHy'-^ ^ 0}, 

which is finite by Condition (6). We take any I G L\{1} and any locally minimal 
(/i, G)-quasigeodesic p without backtracking of r(G, H, X) from 1 to I such that 
all vertices onp are contained in L[JLY . When we present p = eie2 • ■ ■ e„, for i = 
1, . . . , n, there exists yi gY such that (e^)- G Lyi-i and (6,)+ S Lyi. Then we 
consider a sequence y,^ V(ei)yi2/r ^(62)2/22/^^ • • • 2/„_ij/;^li(/)(e„)j/„ of elements 
of X U y U y~-^ U %. If 0(ei) is an element of X, then we regard yi-i4>{ei)y~^ 
as an element of Wi. If (^(ei) is an element of Ti. and yi-i = yi, then we regard 
yi-i(j){ei)y~^ as an element of Hl.y- If '/'(ej) is an element of H and yt-i ^ 
T/i, then we replace yi-i4'{si)y^^ with a sequence of an element of Hl^y and 
lyi-i,yi.Hi where (/)(ei) G Hi\{l}. Then we have a pathp' of r(L, Hi^y, VF1UW2) 
from 1 to I labeled by such a sequence. This shows that Wi U W2 is a finite 
relative generating system of {L,Ml^y)- Also we have l{p') < 3^(p). On the 
other hand we can easily confirm that the natural embedding [L^dswHL r) ~^ 
{G,dxuYuY-^usuH) is large-scale Lipschitz. Hence L is undistorted relative to 
H in G in view of Lemma 12.51 □ 
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4.3 Relatively quasiconvex subgroups of relatively hyper- 
bolic subgroups 



In this section wc prove Theorems 11.31 11.41 and 11.51 See Definition 11.21 for 
definition of relatively quasiconvex subgroups. 

Lemma 12.51 and Proposition 13.31 implv the following: 

Corollary 4.21. Let G be hyperbolic relative to H. Let L be pre-quasiconvex 
(resp. quasiconvex) relative to H in G. Then for any finite generating system 
X of (G,H), L is pre-quasiconvex (resp. quasiconvex) relative to H in G with 
respect to X . 

The following is well-known for the case of countable groups (see for example 

Lemma 9.4]). 

Lemma 4.22. Let H and K be subgroups of G. Suppose that aH and bK 
are arbitrary left cosets of subgroups of G. For any finite subset X of G, there 
exists a finite subset y of G such that 

a{H U HX) n h{K U KX) C {aHa-^ n hKh-^) U (aiJa^^ n bKb~^)Y. 

Proof. We assume that X has 1 without loss of generality. For any element 
z G aHXnbKX , there exists a pair (xi, X2) € XxX such that z ~ ahxi = bkx2 
for some pair {h,k) & H x K. We define a subset Mxi,x2 aHX n bKX for 
any [xi, X2) G X x X a.s the set of such elements. Then we have aHX D bKX = 
U{xi,x2)exxx ^xi,x2- For every xi,X2 £ X such that Mxj^,x2 7^ 0, we fix an 
element Zx-^^X2 = ah'xi = bk'x2 G Mx-^^X2- For ^-ny z = ahxi — bkx2 £ Mx-^,x2-i 
we have zz~^,^^ = ahh'^^a^^ = bkk'^^b~^ G aHa~^ fl bKb~^. When we define 
y ■= {zxi,x2 i ixi,X2) e XxX, Mx^.xo ^ 0}, we have aFXn&A'X C {aHa~^f^ 
bKb-^)Y'. ' ' □ 

Proof of Theorem \1.3[ Let X be a finite relative generating system of {G,M). 
We take an arbitrary element I e {K nL)\{l} and denote by p a geodesic from 

1 to Z in T{G,M, X). Since both K and L are pre-quasiconvex relative to H in 
G, there exists a finite subset F of G such that any vertex v oi p is included 
in {K U KY) n (L U LY). By Lemma there exists a finite subset Z of 
G such that (if U KY) n (L U LF) C {K D L) U {K n L)Z. We thus obtain 
V S (i^ n L) U (X n L)Z . Hence K r\L \s pre-quasiconvex relative to H in G. 

By Lemma l4?5l the group K HL satisfies Condition (6) with respect to H in 
G. □ 



Proof of Theorem \1.4\ First we prove the assertion (i) . 

It follows from Proposition 14.201 that L is undistorted relative to H if L is 
quasiconvex relative to H. 

It follows from Proposition 14.201 and Proposition 13.31 that L is quasiconvex 
relative to H if L is undistorted relative to H. 

Next we prove the assertion (ii). 

We take a finite relative generating system X of (G,H). 
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Suppose that L is strongly quasiconvex relative to H in G. By the assertion 
(i), L is undistorted relative to H in G. We take a finite subset F of G and 
a finite generating system S' of (i,Hi^y) such that the natural embedding 
from {L,ds'u-HL y) to {G,dxun) is quasi-isometric. We assume that all of the 
elements of Y belong to mutually different right cosets of L in G. By definition, 
Ml^y is a finite set and every element is a finite subgroup of L. Hence L has a 
finite generating system 5* = 5" U 'Hl,y and thus the natural embedding from 
{L,ds) to {G.dxuH) is quasi-isometric. 

Suppose that L is strongly undistorted relative to H in G. We take a finite 
generating system S of L. By taking F = C G, we recognize that L is 
undistorted relative to H in G. By the assertion (i), L is quasiconvex relative 
to H in G. Assume that the subgroup L n gHg^^ is infinite for some g € G 
and H G M. Then {L,ds) and {LjdsuHL {g}) are not quasi-isometric. This 
contradicts Lemma [4.181 Assume that is infinite for some g G G. Since 

(L, H^ ^gi.) satisfies Condition (a) by Lemma {L,ds) and {L.dsuUL {g}) are 
not quasi-isometric. This contradicts Lemma 14.181 Hence IHlL,{g} is a finite 
family consisting of finite subgroups of L for any g € G and thus L is strongly 
quasiconvex relative to HI in G. □ 

Example 4.23. Let G be hyperbolic relative to H. We take a finite relative 
presentation {X,TZ). Then the subgroup Q in Example 14.151 is quasiconvex 
relative to H in G by Theorem 11.41 

We have the following by Theorem 11.41 and Lemma 14.161 

Corollary 4.24. Let G be hyperbolic relative to H. Then L is (strongly) 
quasiconvex relative to H in G if and only if gLg^^ is (strongly) quasiconvex 
relative to H in G. 

The case where G is countable and H is finite was known (see [TTJ Corollary 
3.5]). 

Theorem 4.25. Let G be hyperbolic relative to H and X he a finite relative 
generating system of (G, H). Let L be quasiconvex relative to H in G. Then for 
any finite subset Y = {yi, . . . ,yn} C G such that all elements of Y belong to 
mutually different right cosets of L in G and L is finitely generated relative to 
Ml^y, L is hyperbolic relative to y. 

Moreover for any finite subset Y' = {yi, . . . ,yn, yn+i • • • , Vn'} C G and all 
elements of Y' belong to mutually different right cosets of L in G, y, \ y 
is a finite family of finite subgroups of L. 

Proof. Let 5* be a finite relative generating system of (L,Hi y). By Theorem 
[Ll] and Lemma HTTTl (i,E[£y) satisfies Condition (a) and r(i, HJ^ y, 5) is 
hyperbolic. We prove that r(i,]HI£ y, S) is fine. 

First we define a correspondence l from every vertex of r(L,H£ yjS*) to a 
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vertex of f(G, M,XUYU F"! U S) as follows: 

L : L 3 I ^ I e G, 
L : v{l{L^y,HyJ^)) ^ v{ly,H), 

where v{l{Lr\yjHyJ^)) is a cone- vertex of r(L, H£ y, 5) and v{lyjH) is a cone- 
vertex of T{G, H, X U y U U S"). The latter correspondence is well-defined. 
Indeed for any h^h & L, Hj G Y and iJ G H such that Lny^HyJ^ S 'i(-C'n 
y-jHyJ^) = 12{L n yjHyJ^) if and only if hyjH = l2yjH. This correspondence 
i is injective. Indeed for any li,l2 G L, yi,yj G y and H E M such that 
L n yiHy~^,L n yjHyJ^ G y and i < j, if hyiH = l2yjH, then we have 
LnyiHyJ^ 7^ 0. If i < j, then LnyjHyJ^ ^ H£ y and thus i = j. This implies 
that hiL n y^Hyr^) = /2(i n y^HyJ^). 

Next we extend i to a correspondence from edges of r(L, H£ y, S") to paths 
of r(G, H, X U y U y-i U S") as follows: 

L : L X S 3 {I, s) ^ [l, s) e G y. {X UY U y-^ U 5"), 

L■.[lMLr^y,Hy-^))] ^ (l,y,)[ly„v{ly,H)] for G y \ {1}, 
i : [v(l{Lny,Hy-')),l] ^ [v{ly,H),ly,]{ly,,yJ^) for y, G y \ {1}, 

t : [/, v{l{L n [I, v{lH)] for G y n {1}, 

t : n Iffl"^)), /] ^ [v{lH),l] for G y n {1}. 

The above correspondence l gives a faithful correspondence from each circuit 
of f{L,Ml Y,S) to a cycle of r(G,H,X U y U y-^ U S). Removing cycles of 
the form {lyj ,y~^){l, yj) from the resulting cycle, we have a circuit by choice of 
y. Such a circuit of f{G, H, X U y U Y~'^ U 5) has at most twice length of the 
original circuit of r(L,M£ yj^). Also this correspondence is faithful by choice 
of y. Each cycle containing an edge 

(/, s), [I, v{l{Lr\yjHy-^)% [v{liLny,Hyj')),l], [I, v {1(101 HI-'))], [v{l{LniHl-')),l] 
gives a circuit containing an edge 

il,s), [ly„v{ly,H)], [v{ly,H),ly], [l,vilH)], [v{lH)J], 

respectively. Since r(G, m,XUYU Y'^ U S) is fine, r(L, H^.y, S) is also fine. 

It follows from Lemma 14.121 that EI£ y, \ y is a finite family. Assume 
that we have an infinite subgroup K G y, \ y. Then [131 Theorem 1.5] 
implies that K is strongly undistorted relative to H£ y in L. In particular K 
has infinite diameter in (L, dsuu^ ^ )■ On the other hand K has finite diameter 
in (L, dsuw^ y, )• These contradict the fact that the identity map on L is quasi- 
isometric from {Ljdsuw ) to {L^dsuUi^ y') Lemma 14.111 and Lemma 14.181 

□ 



22 



Example 4.26. Let G be hyperbolic relative to H. We take a finite relative 
presentation {X, TZ) . Then the subgroup Q in Example 14.151 is hyperbolic rela- 
tive to Hqj {QnH ^ {1} \ H gM} ([H Corollary 2.47]). Theorem i^in] 
and Example 14.231 give another proof for the fact. 

The following gives simple examples of relatively quasiconvex subgroups. 

Proposition 4.27. Let G be *HeMH. Suppose that L is finitely generated 
relative to H in G, then L is quasiconvex relative to EI in G. 

Proof. We consider r(G,IHI, 0), which is a tree. Also we suppose that {L,W^ y) 
has a finite relative generating system S where y is a finite subset of G such 
that all elements of Y belong to mutually different right cosets of L in G. Then 
we consider a correspondence l from every vertex of r(L,]HI2 y, S*) to a vertex 

of f(G,H,0) as follows: 

L : L 3 I ^ I e G, 
L:v{l{Lny,Hy-^))^v[ly,H), 

where v{l{Lr\yjHy~^)) is a cone- vertex of r(L, H£ y, S") and v{lyjH) is a cone- 
vertex of r(G, H, 0). The correspondence is well-defined and injective (see Proof 
of Theorem S^ini). 

Since we have the geodesic Ps of r(G, H, 0) from 1 to s for each s ^ S and 
the geodesic py of r(G,]HI, 0) from 1 to y for each y E Y, we extend t to a 
correspondence from edges of r{L, ]HI£ y, S) to paths of r(G, H, 0) as follows: 

L : L X S 3 (l, s) i-^ Ips, 

L:[l,v{l{Ln yjHy-^))] ^ Ipy^ [lyj,v{lyjH)], 
L : [v{l{Lr\y.jHyJ^)),l] ^ [v{ly,H),ly,]ly,p~^\ 

The above correspondence l gives a faithful correspondence from each arc of 
r(L, y, S") between two elements of i to a path of r(G, H, 0). Removing 
subpaths of the form [lyj,v{lyjH)][v{lyjH),lyj] from the resulting path, we 
have an arc by choice of Y . Such an arc has at most twice length of the original 
arc. Note that the image of t, that is, 

UH(U^^^)u( U PyAy„viy,H)])u{ y Hy,H),y,]y,p-^)} 

is a tree. Hence the resulting arc is a geodesic. Thus the identity on L is a 
quasi- isometry from (L, dsu-^^ ^) to L with the induced metric by the graph 

r(G, H, 0). By Theorem ll.41 L is quasiconvex relative to H in G. □ 
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4.4 The case where the family of subgroups is finite 

We deal with the case where H is finite. 

First we give a corollary of Theorem 14.251 

Corollary 4.28. In the setting in Thcorem l4.25[ suppose that H is finite. Then 
L is hyperbolic relative to a finite family of infinite subgroups of L 

H2;^ := {K e H£ y I K is infinite}. 

Moreover y represents conjugacy classes of 

{K (1L \ K ^ Ln gH'g-^ for some H' eM,g e G, K is infinite}. 

Proof. Since H£ y \ IHl2^ is a finite family of finite subgroups, L is hyperbolic 
relative to H^'"^ by Theorem [4.251 Assume that there exist y' E G and H' eM 
such that L D y'H'y'~^ is infinite and is not conjugate to any element of H^'^ 
in L. Then all elements of Y' Y \J {y'} belong to mutually different right 
cosets of i in G and thus y, \ y is a finite family of finite subgroups by 
Theorem 14.251 It contradicts choice of y'. □ 

The following is [TTl Definition 1.3]: 

Definition 4.29. Let a group G be hyperbolic relative to a finite family IH 
of infinite subgroups. A subgroup L is quasiconvex relative to H in G if for 
some (G, ]HI)-graph F, there exists a nonempty connected and quasi-isomctrically 
embedded subgraph A of F that is L-invariant and has finitely many L-orbits 
of edges. 

Proposition 4.30. Let G be a group with a finite family H of infinite sub- 
groups. Then relative quasiconvexity in the sense of Definition [TT^] is equivalent 
to relative quasiconvexity in the sense of Definition 14.291 

Since H is finite, Condition (6) is automatically satisfied. This was known for 
the case where G is countable (see [TlJ Theorem 1.7]). 

Proof. Suppose that L is quasiconvex relative to H in G in the sense of Definition 
11.21 As in Proof of Theorem I4.25( we consider the image of F(L,EI£y,S') in 

F(G, H, X U F U Y~^ U S) by the correspondence l. It is a nonempty connected 
and quasi-isometrically embedded subgraph of F(G, H, X U y U Y"^ U S) that 
is L-invariant and has finitely many L-orbits of edges. 

Suppose that L is quasiconvex relative to EI in G in the sense of Definition 
14.291 Then we have a nonempty connected and quasi-isometrically embedded 
subgraph A of a coned-off Cayley graph that is L-invariant and has finitely many 
L-orbits of edges by [TTl Proposition 4.3 and Theorem 2.14]. We can apply the 
proof of [m Proposition 4.15] to our case by using Proposition 13.31 instead of 
pTl Proposition 4.4]. □ 
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